Abstract. The image of the higher Gauss map for a projective variety is discussed. The notion of higher Gauss maps here was introduced by Fyodor L. Zak as a generalization of both ordinary Gauss maps and conormal maps. The main result is a closed formula for the degree of those images of Veronese varieties. This yields a generalization of a classical formula by George Boole on the degree of the dual varieties of Veronese varieties in 1844. As an application of our formula, degree bounds for higher Gauss map images of Veronese varieties are given.
Introduction
In 1844, George Boole proved a beautiful theorem that the locus of singular hypersurfaces of degree d in P n is a hypersurface of degree (n + 1)(d − 1) n in the linear system |O P n (d)| under the assumption that the characteristic of the ground field is equal to zero ( [2, p.19] and [3, p.171] ). This hypersurface is nothing but the dual variety X * ⊆P N of the Veronese variety X = v d (P n ) ⊆ P N via |O P n (d)| =P N with N + 1 = n+d d
, as it is easily shown, where v d is the d-fold Veronese embedding P n ֒→ P N , and the dual variety of X is by definition the variety of tangent hyperplanes to X in the dual projective spacě P N of P N . His theorem is thus stated also as follows:
Boole's Formula. The degree of the dual variety of the Veronese variety X = v d (P n ) is given by (0.1) deg X * = (n + 1)(d − 1) n .
The purpose of this article is to generalize Boole's formula to the case of the variety of linear spaces tangent to X instead of the dual variety, where we put the generalization introduced by Fyodor L. Zak [18] in context.
For a non-degenerate projective variety X ⊆ P N of dimension n over an algebraically closed field k of arbitrary characteristic p, set Z m := x∈X : non-singular {(x, W )|T x X ⊆ W (⊆ P N )} ⊆ X × G(m + 1, V ), and denote by γ m : Z m → G(m+1, V ) the projection, where G(m+1, V ) is the Grassmann variety parametrizing (m + 1)-quotient spaces of V := H 0 (P N , O P N (1)), or equivalently, parametrizing m-planes in P N . The morphism γ m : Z m → G(m + 1, V ) is called the m-th Gauss map of X ⊆ P N , and its image X variety in P ( N+1 m+1 )−1 = P(∧ m+1 V ) via the Plücker embedding G X (m + 1, V ) ֒→ P(∧ m+1 V ) (with reduced structure). Note also that γ n is the ordinary Gauss map of X, and that X * N −1 = X * is the dual variety, γ N −1 is the conormal map, and Z N −1 = P X (N) is the conormal variety, where N denotes the twisted normal bundle N X/P N ⊗ O X (−1) of X in P N ( [4] , [12] , [14] , [17] , [18] , [19] ). Our main result is Theorem 0.1. For the Veronese variety X = v d (P n ) ⊆ P N with N + 1 = n+d d
, the m-th Gauss map γ m is generically finite and dim X * m = n + (N − m)(m − n) for each m with n ≤ m ≤ N − 1. Moreover if the characteristic p of k is equal to zero, then the degree of X * m in P (
is N − m copies of the integer m − n, and f λ is the number of standard Young tableaux with shape λ.
Note that the number of standard Young tableaux above is known to be equal to the dimension of the corresponding irreducible representation of the symmetric group, and is computed easily from the Young diagram by virtue of the Hook Length Formula by Frame, Robinson and Thrall ([5, p.53, Exercise 9]; (1.5)).
The assumption p = 0 above is essential, while the equality above holds for m = n in arbitrary characteristic except for the case p = 2 and n = 1 (Proposition 1.4 (2)).
As an application of Theorem 0.1, we obtain bounds for the degree of X * m , as follows:
in characteristic p = 0 and for each m with n ≤ m ≤ N − 1, we have
where G := G(m − n, N − n) is the Grassmann variety parametrizing (m − n)-quotient spaces of an (N − n)-dimensional vector space, and
We will show that the equalities in the above hold for arbitrary non-degenerate, nonsingular projective curves X in P N (Corollary 2.5).
The article is organized as follows: In §1 we show basic results: in particular, we show that Z m is isomorphic to Grassmann bundles G X (N − m, N) ≃ G X (m − n, N ∨ ) over X, and study the pull-back of the line bundle γ
Set-up
Let X be a projective variety of dimension n in P N defined over an algebraically closed field k of arbitrary characteristic p. Throughout this article, we assume that X is nondegenerate and non-singular with X = P N . We have the following commutative diagram, with the same notation as in Introduction:
where
which is non-negative since O G(m+1,V ) (1) is very ample, where X · · · denotes the degree of · · · as a zero-cycle.
Lemma 1.1. We have
otherwise, Denote by P the bundle
, and by N the normal bundle N X/P N of X in P N twisted by O X (−1):
In fact, since X is non-singular, these are both locally free as sheaves on X with rank n + 1 and N − n, respectively, We have a commutative diagram of vector bundles on X with exact rows and columns, as follows:
The ordinary Gauss map γ n is a morphism from X ≃ Z n to the Grassmann variety G(n + 1, V ) induced from the quotient V ⊗ O X → P above by the universality of
Hence V ⊗O X → P is equal to the pull-back by γ n of the universal quotient on
(1) If p = 0, or more generally if γ n is separable, then
where K X is the canonical divisor class and H is the class of hyperplane sections of X, that is,
and if p = 2 and n = 1, then deg X *
According to a theorem of Zak [18, Theorem 5] , γ n is finite since X is non-singular. Thus the equality, d * n = deg X * n follows from Lemma 1.1 if p = 0, or from (1.1) and a theorem of Furukawa [6 (1)). If p = 2 or n ≥ 2, then the Gauss map γ n for a Veronese variety is an embedding ( [9] , [10] ), hence the conclusion follows. On the other hand, an explicit calculation shows that if p = 2 and n = 1, then X * 1 is a non-singular rational curve of
In fact, X * 1 is equal to the Veronese curve of degree d − 1 in the linear subspace spanned by itself X * 1 with respect to suitable homogeneous coordinates, and the extension K(Z 1 )/K(X * 1 ) defined by γ 1 is purely inseparable of degree 2.
For a vector bundle E of rank r on X and an integer d with 0
λ+ε denotes the number of standard Young tableaux with shape λ + ε, and ∆ λ (s(E)) := det[s λ i +j−i (E)] 1≤i,j≤d is the Schur polynomial in the Segre classes of E for λ.
In particular, the degree of the Grassmann variety G(d, r) is equal to f ε with respect to the Plücker embedding, as it is classically well known ([4, Example 14.7.11 (iii)]). Thus we have
Note that the number of standard Young tableaux above is given explicitly, as follows ([5, p.54, Exercise 9]):
The Segre classes s i (E) here are the ones satisfying s(E)c(E ∨ ) = 1 as in [14] , where s(E) and c(E) are respectively the total Segre class and the total Chern class of E. Note that our Segre class s i (E) differs by the sign (−1)
i from the one in [4] .
(1) If L is a line bundle on X, then there is an isomorphism, i :
Similarly to the above, the quotient [
Then it follows from the universality of those Grassmann bundles that
(1) There is an isomorphism, j : , N) be the isomorphism over X defined by the composition of j and the canonical isomorphism
Proof
where the exact sequence in the middle row is the pull-back to Y of the one in the middle column of ( 
such that ψ is equal to the pull-back of the universal quotient on G X (m − n, N ∨ ) to Z m . In particular, we have
To show that j is an isomorphism, we consider the case when Y := G X (m − n, N ∨ ), ψ ′ and ψ are respectively the universal subbundle and the universal quotient bundle of
, set W := coker ϕ ′ , and let ϕ be the canonical quotient. Then the morphism G X (m−n, N ∨ ) → X × G(m + 1, V ) induced by ϕ gives the inverse of j.
(2) This follows from (1) and Lemma 1.8 below, since det N = det P by (1.2), while one can prove (2) directly by a similar way to (1). Lemma 1.8. For a vector bundle E of rank r on a variety X, we have an isomorphism,
Proof. Let S → π * E be the universal subbundle of G X (d, E), and let Q ← π * E be the universal quotient bundle of
∨ , the conclusion follows from the isomorphism, det S ⊗ det Q ≃ π * det E. Moreover if the characteristic p of k is equal to zero, then the degree of X * m in P (
Thus we have 
Projective varieties.
Theorem 2.3. For a non-degenerate, non-singular projective variety X ⊆ P N of dimension n and for each integer m with n ≤ m ≤ N − 1, if the characteristic p of k is equal to zero and γ m is generically finite, then the degree of X * m in P ( 
where M = dim G X (N − m, N) . Then the conclusion follows from Lemma 1.1.
(2) It follows from Lemma 1.7 (1), (1.3) and Fact 1.5 that
Then the conclusion follows from Lemma 1.1. (1.2) . Therefore d * m > 0 by X = P N , and it follows from Lemma 1.1 that deg X * m = (2d + 2g − 2)f µ . Now from (1.5) we see that
where ε := ((m − 1) N −m ), so that the conclusion follows from (1.4). , and set N := N X/P N ⊗ O X (−1), as before. It follows from (1.
Veronese varieties. Let
where 
where |λ| := e i=1 λ i , and f λ denotes the number of standard Young tableaux with shape λ.
Proof. It follows from (2.2) that
To evaluate the last determinant, we apply the method of Arbarello-Cornalba-GriffithsHarris 
where the last equality follows from (1.5).
Proof of Theorem 0.1. It follows from Theorem 2.3 (1) and Proposition 2.7 that
This completes the proof by Lemma 1.1: Indeed, the last term in the preceding formula is obviously a positive number.
Example 2.8. Consider the first non-trivial case in dimension 2: X = v 2 (P 2 ) ⊆ P 5 with m = 3. According to Theorem 0.1, we have dim X * 3 = 4, and deg X * 3 = 21 if p = 0: Indeed, we have deg Remark 2.9. In terms of binomial and multinomial coefficients, one can write the formula in Theorem 0.1, as follows:
As a byproduct of our study of higher Gauss maps, we obtain a combinatorial identity, as follows: Corollary 2.10. For any positive integer n, we have
where λ = (λ 1 , . . . , λ n ) is a partition of n.
Proof. Set m := n in Theorem 0.1.
As another form of the degree formula in Theorem 0.1, we have Theorem 2.11. Under the same assumption as in Theorem 0.1, the degree of X * m in P ( Compared with the formula in Theorem 0.1, the one in Theorem 2.11 seems more complicated. However, to compute deg X * m in practice, Theorem 2.11 is more efficient for the case when m − n is small. For instance, we have Corollary 2.12. Under the same assumption as in Theorem 0.1, for the case when m = n + 1, we have
, and λ ′ 1 = |λ ′ | = n − k, hence the conclusion follows.
Proof of Corollary 0.2. It follows from (1.5) that
Therefore, using Theorem 0.1 and (1.4), we have
where we set
The conclusion now follows from Lemma 2. Note that the right-hand-side is not necessarily an integer in general. On the other hand, according to Corollary 2.5, this 'equality' actually holds true when n = 1, even if N is not decomposed as above, as it is mentioned in Introduction. This is because deg X * m is determined just by c 1 (N) when n = 1, which we see from the proof of Corollary 2.5. 
